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Weierstrass points on Kummer
extensions
Miriam Abdo´n∗ Herivelto Borges† Luciane Quoos‡
Abstract
For Kummer extensions ym = f(x), we discuss conditions for an integer
be a Weierstrass gap at a place P . In the case of totally ramified places,
the conditions will be necessary and sufficient. As a consequence, we
extend independent results of several authors.
MSC2010 Subject Classification Numbers: Primary 14H55, 11R58; Sec-
ondary 14Hxx.
1 Introduction
Let F be an algebraic function field in one variable defined over an algebraically
closed field K of characteristic p ≥ 0. For any given place P of F , a number
s is called a non-gap at P if there exists a function z ∈ F such that the pole
divisor of z is (z)∞ = sP . If there is no such function, the number s is called
a gap at P . If g is the genus of F , it follows from the Riemann-Roch theorem
that there are exactly g gaps at any place P of F [19]. It is a well known fact
that for all, but finitely many places P , the gap sequence (of g numbers) is
always the same. This sequence is called the gap sequence of F . When the
gap sequence of F is (1, 2, . . . , g), the sequence is called ordinary, and we say
that the function field F is classical, otherwise F is called nonclassical. The
places for which the gap sequence is not equal to the gap sequence of F are
called Weierstrass.
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Since Weierstrass proved his Lu¨ckensatz (or gap theorem) in the early 1860s,
the theory of Weierstrass points has contributed to the development of several
areas. The study of automorphisms of algebraic curves (e.g. [9],[13]), as well
as the number of rational points on curves over finite fields (e.g. [21], [6]) are
classical examples. The theory of algebraic geometric codes is another (recent)
example of area benefitting from the study of Weierstrass points (e.g. [17], [1]).
For a more complete and detailed account on the applications of this theory,
we refer to the survey paper [2].
The characterization of Weierstrass points is a fundamental problem in the
theory of algebraic curves. There are some situations in which the fully rami-
fied places of F/K(x) are known to be Weierstrass. For example, if the Kum-
mer extension ym = f(x) is classical, and f(x) has at least five roots then, by
Lewitte’s results in [12], all branch points are Weierstrass. Another example
would be the case of cyclic extensions F/K(x) of degree pn, where char(K) = p
and n ≥ 2. In [26], Valentini and Madan proved that for such extensions all
fully ramified places are Weierstrass points. The result remains valid for cer-
tain elementary abelian extensions of K(x) [3]. In general, when F is classical,
the number of Weierstrass points counted with their weight is g3−g. Estimat-
ing the exact weight of Weierstrass points is another challenging problem in
the theory.
In this paper, we will be interested in providing conditions for an integer s
be a gap at a place P in a Kummer extension F/K(x). These conditions are
derived from our main result, Theorem 3.5. As a consequence, independent
results of several authors will be extendend.
Our first application of Theorem 3.5 is in the theory of maximal curves
over finite fields. In 2008, using Cartier Operators, Garcia and Tafazolian [4]
proved that if the Fermat curve ym = 1 − xm is maximal over Fq2, then m
must be a divisor of q + 1. The converse is a well known result. In fact,
since the Fermat curve is covered by the Hermitian curve xq+1 + yq+1 + 1 = 0
over Fq2, the Fq2-maximality follows from a result J. P. Serre [10]. In 2010,
Tafazolian used results of supersingular curves and simplified the proof given
in 2008 [22]. A natural question that arises is whether this result can be
extended to a larger family of curves of type ym = f(x). This question was
somewhat addressed in subsequent papers by Garcia, Tafazolian and Torres
([5],[22],[23],[24]), where the same result was proved when 1 − xm is replaced
by some other polynomials f(x) ∈ Fq2 [x]. In section 4, we present a general
class of polynomials f(x) ∈ Fq2[x] for which the Fq2-maximality of y
m = f(x)
implies m|(q + 1). This will subsume most of the previous results.
In the 1950’s, Hasse [7] computed the Weierstrass weight at totally ramified
points of the classical Fermat curves ym = xm−1, m ≥ 2. We apply our results
to show how this can be easily extended to classical Kummer curves ym = f(x),
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where f(x) ∈ K[x] is separable. For this same type of classical curve, since
the number of Weierstrass points counted with multiplicity is g3 − g, Towse
[25, Corollary 10] computed a lower bound for
lim
d→∞
BW
g3 − g
,
where BW is the Weierstrass weight of all totally ramified places, g is the
genus of the curve and d is the degree of f(x). In this paper we find the exact
value of this limit.
For the same curves ym = f(x), where f(x) is a separable polynomial, we
show that 1, 2, . . . , m− 2 are gaps at the generic points. This extends a result
of Leopoldt [11].
In [26, Theorem 3], Valentini and Madan proved that in a Kummer extension
ym = f(x) of degree m, if at least m + 3 places of F are fully ramified, then
every totally ramified place is Weierstrass. We extend the result by replacing
the number of fully ramified places with the number of roots of f(x).
We also point out that the classicality of hyperelliptic curves is established
as an immediate consequence of Theorem 3.5. That is actually a retrieval of a
result due to F. K. Schmidt [20].
This paper is organized as follows. In Section 2, we set up the notation and
present some preliminary results. In Section 3, we will build on a result of
Maharaj [16] to prove Theorem 3.5. In Section 4, as a first application, we
establish general conditions for which the Fq2-maximality of the curve y
m =
f(x) implies m|(q + 1). This improves upon recent results in [5],[22],[23] and
[24]. In Section 5, we present a list of sufficient conditions for which all totally
ramified places are Weierstrass. We end our discussion in Section 6, where
Theorem 3.5 is used in the particular case where f(x) is a separable polynomial.
This case is the source of many of our extended results.
2 Notations and Preliminaries
We begin by establishing some notations (see [19] for more details).
Let F/K be an algebraic function field in one variable, where K is alge-
braically closed of characteristic p ≥ 0. We denote by P(F ) the set of places
of F and by DF the (additively written) free abelian group generated by the
places of F . The elements D in DF are called divisors and can be written as,
D =
∑
P∈P(F )
nP P with nP ∈ Z, almost all nP = 0.
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The degree of a divisor D is deg(D) =
∑
P∈P(F )
nP . Given a divisor D in DF , the
Riemann-Roch vector space associated to D is defined by
L(D) := {z ∈ F | (z) ≥ −D} ∪ {0}.
We will denote by ℓ(D) = dimL(D) as vector space over the field of constants
K. From Riemann-Roch it follows that
ℓ(D) = deg(D) + 1− g if deg(D) ≥ 2g − 1,
where g is the genus of F . Let P in P(F ), the Weierstrass non-gap semigroup
at P is:
H(P ) = {s ∈ N0 | (z)∞ = sP for some z ∈ F} ∪ {0}.
A non-negative integer s is called a non-gap at P if s ∈ H(P ), and a gap
otherwise. The Weierstrass Gap Theorem asseverates that s is a gap at a
place of degree one P if and only if ℓ((s − 1)P ) = ℓ(sP ). As a consequence
there exists g gaps, 1 = λ1 < · · · < λg ≤ 2g − 1. For any field K ⊆ E ⊆ F ,
writing the divisor D of F as
D =
∑
R∈P(E)
∑
Q∈P(F )
Q|R
nQQ.
We define the restriction of D to E as the divisor D|E in E given by:
D|E :=
∑
R∈P(E)
min
{⌊
nQ
e(Q|R)
⌋
: Q|R
}
R,
where e(Q|R) is the ramification index of Q over R.
Hereafter a Kummer extension F/K(x) is a field extension defined by
ym = f(x) =
r∏
i=1
(x− αi)
λi, with m ≥ 2, p ∤ m, and 0 < λi < m,
where f(x) ∈ K[x] is not a dth power (where d | m) of an element in K(x),
and α1, . . . , αr are pairwise distinct.
Throughout the paper, gcd(a, b) will be denoted by (a, b).
The next result (see [16], Theorem 2.2.) will be the main ingredient in the
proof of Theorem 3.5.
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Theorem 2.1 (Maharaj) Let F/K(x) be a Kummer extension of degree m
defined by ym = f(x). Then for any divisor D of F which is invariant by the
action of Gal(F/K(x)), we have that
L(D) =
m−1⊕
t=0
L([D + (yt)]|K(x)) y
t,
where [D + (yt)]|K(x) denotes the restriction to K(x) of the divisor D + (y
t).
3 Main result
In this Section we prove our main result, Theorem 3.5. We begin collecting
some simple facts which will be used throughout our computations. The floor,
ceiling and fractional part functions, will be denoted by
⌊
·
⌋
,
⌈
·
⌉
and
{
·
}
respectively.
Remark 3.1 Given x, x1, . . . , xk ∈ R, and integers m ≥ 1, a, λ. The following
holds:
(i)
⌈
− x
⌉
= −
⌊
x
⌋
.
(ii)
⌈ k∑
i=1
xi
⌉
=
k∑
i=1
⌊
xi
⌋
+
⌈ k∑
i=1
{
xi
}⌉
.
(iii) If a ≡ r mod m, with 0 ≤ r ≤ m− 1, then
{
a
m
}
= r
m
.
(iv) If (λ,m) = 1, then for any integer n there exists a unique t ∈ {0, . . . , m−
1} such that tλ ≡ n mod m.
Lemma 3.2 If λ1, . . . , λr ∈ {1, . . . , m− 1}, then
(i) there exists t ∈ {1, . . . , m− 1} such that
r∑
i=1
{tλi
m
}
≥ r/2.
(ii) If λ1 = · · · = λr, and (λ1, m) = 1, then there exists t ∈ {1, . . . , m − 1}
such that
r∑
i=1
{ tλi
m
}
= r(m− 1)/m.
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Proof: Note that for any α ∈ {1, . . . , m − 1}, with (α,m) = 1, we have{
−αλi
m
}
= 1−
{
αλi
m
}
, and then
r∑
i=1
{(m− α)λi
m
}
=
r∑
i=1
{
−
αλi
m
}
= r −
r∑
i=1
{αλi
m
}
,
that is,
r∑
i=1
{(m− α)λi
m
}
+
r∑
i=1
{αλi
m
}
= r.
Therefore, either
r∑
i=1
{
αλi
m
}
≥ r/2 or
r∑
i=1
{
(m−α)λi
m
}
≥ r/2, and the result
follows.
The item (ii) follows from Remark 3.1, choosing n = m− 1. 
Lemma 3.3 If s and m are positive integers, and λ ∈ Z is such that (λ,m) =
1, then there exists a unique t ∈ {0, . . . , m− 1} satisfying
s+ λt = (
⌊λt
m
⌋
+
⌊ s
m
⌋
)m+m− 1.
Moreover, for any i ∈ Z,
⌊s+ 1 + i λ
m
⌋
=


⌊
i λ
m
⌋
+
⌊
s
m
⌋
+ 1 =
⌊
s+i λ
m
⌋
+ 1, if i ≡ t mod m
⌊
s+i λ
m
⌋
, otherwise.
Proof: Since (λ,m) = 1, by Remark 3.1 there exists a unique t in {0, . . . , m−
1} such that s+tλ ≡ m−1 mod m. Set q =
⌊
s+λt
m
⌋
, and write s = m
⌊
s
m
⌋
+s0
with s0 ∈ {0, . . . , m − 1}. Thus tλ = m(q −
⌊
s
m
⌋
) + m − 1 − s0, and
since m − 1 − s0 ∈ {0, . . . , m − 1}, it follows that
⌊
λt
m
⌋
= q −
⌊
s
m
⌋
=⌊
s+λt
m
⌋
−
⌊
s
m
⌋
, which proves the first assertion. For the second assertion,
note that we may assume i ∈ {0, 1, . . . , m − 1}. Since t is unique, for any
value i ∈ {0, . . . , m − 1}\{t}, we find that s + λi ≡ r mod m, for some
r ∈ {0, . . . , m− 2} which gives
⌊
s+1+λi
m
⌋
=
⌊
s+λi
m
⌋
, and the result follows. 
The following Lemma will be useful to establish some consequences of The-
orem 3.5.
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Lemma 3.4 Let F/K(x) be a Kummer extension given by ym = f(x). Let P
be a place of K(x), and Q1, . . . , Qr be all the distinct places of F lying over P .
For s ≥ 1, if ℓ(sQ1)+1 = ℓ((s+1)Q1), then ℓ(s
r∑
j=1
Qj)+ r = ℓ((s+1)
r∑
j=1
Qj).
Proof:
Let z1 ∈ F be a function such that (z1)∞ = (s + 1)Q1, and define L0 :=
L(s
r∑
j=1
Qj) and Li := L((s + 1)
i∑
j=1
Qj + s
r∑
j=i+1
Qj), i = 1, . . . , r. It is well
known that ℓi − ℓi−1 ≤ 1, and we claim that ℓi − ℓi−1 = 1; that is, Li−1 ( Li.
In fact, since G = Gal(F/K(x)) acts transitively on the set {Q1, . . . , Qr}, we
can choose σ1, . . . , σr ∈ G such that Qi = σi(Q1), and define zi = σi(z1), for
i = 1, . . . , r. Thus zi ∈ Li\Li−1, which proves the claim. Therefore, since
ℓi = ℓi−1 + 1, for i = 1, . . . , r, we arrive at ℓm − ℓ0 = r, as desired.

Theorem 3.5 Let F/K(x) be a Kummer extension given by
ym =
r∏
i=1
(x− αi)
λi, with 0 < λi < m.
Fix an element α0 ∈ K\{α1, . . . , αr}, and set αr+1 :=∞, λ0 := 0 and λr+1 :=
−
k∑
i=0
λi. For each u = 0, . . . , r + 1, consider the usual place Pu ∈ P(K(x))
corresponding to αu ∈ K ∪ {∞}, and the divisor Du =
∑
Quv|Pu
Quv ∈ DF . If
s ≥ 1 is an integer, then ℓ(sDu) − ℓ((s − 1)Du) is the number of elements
j ∈ {0, . . . , (m, λu)− 1} such that
r∑
i=0
{(tu + jmu)λi
m
}
≤ 1 +
⌊s− 1
mu
⌋
, (3.1)
where mu =
m
(m,λu)
, and tu ∈ {0, . . . , mu − 1} is the unique element for which
s+ λu
(m,λu)
tu ≡ 0 mod mu.
Proof: Since Gal(F/K(x)) fixes the divisor Du, it follows from Theorem 2.1
that
L(sDu) =
m−1⊕
t=0
L([sDu + (y
t)]|K(x)) y
t.
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One can easily check that (y) =
r+1∑
i=0
∑
Qiv|Pi
λi
(m,λi)
Qiv is divisor of the function y.
Therefore
sDu + (y
t) =
((m, λu)s+ tλu
(m, λu)
)
Du +
r+1∑
i=0
i 6=u
∑
Qiv|Pi
tλi
(m, λi)
Qiv,
and restricting this divisor to K(x), we obtain
[sDu + (y
t)]|K(x) =
⌊(m, λu)s+ tλu
m
⌋
Pu +
r+1∑
i=0
i 6=u
⌊tλi
m
⌋
Pi
=
⌊s+ tηu
mu
⌋
Pu +
r+1∑
i=0
i 6=u
⌊tλi
m
⌋
Pi
where ηu :=
λu
(m,λu)
and mu :=
m
(m,λu)
. Now, Theorem 2.1 implies
ℓ((s+ 1)Du)− ℓ(sDu) =
m−1∑
t=0
[
ℓ
(⌊s+ 1 + tηu
mu
⌋
Pu +Dt
)
− ℓ
(⌊s+ tηu
mu
⌋
Pu +Dt
)]
,
where Dt =
r+1∑
i=0
i 6=u
⌊
tλi
m
⌋
Pi. Note that (ηu, mu) = 1, and thus using the unique
tu ∈ {0, . . . , mu − 1} given by Lemma 3.3 we obtain
ℓ((s+ 1)Du)− ℓ(sDu) =
(m,λu)−1∑
j=0
ℓj, where
ℓj = ℓ
(⌊s+ 1 + (tu + jmu)ηu
mu
⌋
Pu +Dtu+jmu
)
− ℓ
(⌊s+ (tu + jmu)ηu
mu
⌋
Pu +Dtu+jmu
)
= ℓ
((
1 +
⌊ s
mu
⌋
+
⌊(tu + jmu)ηu
mu
⌋)
Pu +Dtu+jmu
)
− ℓ
((⌊ s
mu
⌋
+
⌊(tu + jmu)ηu
mu
⌋)
Pu +Dtu+jmu
)
.
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Note that the last equality implies ℓj ∈ {0, 1}. Also, since K(x) has genus
zero, Riemann’s Theorem implies that ℓj = 0 if and only if
deg
(
(1 +
⌊ s
mu
⌋
+
⌊(tu + jmu)ηu
mu
⌋
)Pu +Dtu+jmu
)
< 0.
However
deg
(
(1 +
⌊ s
mu
⌋
+
⌊(tu + jmu)ηu
mu
⌋
)Pu +Dtu+jmu
)
=
= 1 +
⌊ s
mu
⌋
+
⌊(tu + jmu)λu
m
⌋
+
r+1∑
i=0
i 6=u
⌊(tu + jmu)λi
m
⌋
= 1 +
⌊ s
mu
⌋
+
r+1∑
i=0
⌊(tu + jmu)λi
m
⌋
= 1 +
⌊ s
mu
⌋
+
r∑
i=0
⌊(tu + jmu)λi
m
⌋
+
⌊
−
r∑
i=0
(tu + jmu)λi
m
⌋
= 1 +
⌊ s
mu
⌋
+
r∑
i=0
⌊(tu + jmu)λi
m
⌋
−
⌈ r∑
i=0
(tu + jmu)λi
m
⌉
= 1 +
⌊ s
mu
⌋
−
⌈ r∑
i=0
{(tu + jmu)λi
m
}⌉
.
Notice that the last two equalities are due to Remark 3.1. Therefore ℓj = 0 if
and only if 1 +
⌊
s
mu
⌋
<
r∑
i=0
{
(tu+jmu)λi
m
}
, and this completes the proof. 
As an immediate consequence of Theorem 3.5 we obtain the next result.
Corollary 3.6 Using the same notation as in Theorem 3.5, we have that if
Du is a totally ramified place in the extension F/K(x), then s is a gap number
at Du if and only if
r∑
i=0
{tuλi
m
}
> 1 +
⌊s− 1
m
⌋
.
Proof: It follows immediately from the fact that mu = m, and then{
(tu+jmu)λi
m
}
=
{
tuλi
m
}
. 
Note that Lemma 3.4 together with (3.1) in Theorem 3.5 tell us that suffi-
ciently small values of s are gap numbers. We point out the effect of that on the
generic places of F ; that is, the places of F lying above a place P0 ∈ P(K(x)).
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Corollary 3.7 Let Q0 be a generic place in F/K(x), and s ≥ 1 an integer. If
there exists j ∈ {0, 1, . . . , m− 1} such that
s <
r∑
i=0
{jλi
m
}
,
then s is a gap at Q0. In particular,
(i) If s < r/2 then s is a gap at Q0.
(ii) If λ1 = · · · = λr is coprime to m, and s < r(m − 1)/m then s is a gap
at Q0.
Proof: The main assertion is a direct application of Theorem 3.5, when
mu = 1 and λu = tu = 0. The additional assertions follow from Lemma 3.2
and Lemma 3.4. 
As previously mentioned, the characterization given by Theorem 3.5 can
be used to extend independent results by several authors. The next section
presents an application in the setting of maximal curves.
4 Maximal Curves over Fq2
A projective, geometrically irreducible, nonsingular algebraic curve defined
over Fq2 of genus g is called Fq2-maximal if its number of Fq2-rational points
attains the Hasse-Weil upper bound
1 + q2 + 2gq.
The most well know example of Fq2-maximal curve is the Hermitian curve
xq+1 + yq+1 = 1.
Curves with many rational points, in particular, maximal curves, have very im-
portant applications in Coding Theory [19], and several other areas, such as,
finite geometry [8], correlation of shift register sequences [15] and exponential
sums [14]. Maximal curves have been extensively studied by many authors,
not only because of its applications, but also because of the attractive mathe-
matical challenges represented by the related problems.
To address one of these problems, we recall that a well known result of Serre
(presented by Lachaud in [10, Proposition 6]), says that any curve which is
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Fq2-covered by an Fq2-maximal curve is Fq2-maximal as well. In particular, if
m and n are divisors of q+1, then the curve
xn + ym = 1,
is Fq2-maximal. A natural question is whether or not the converse of this
statement holds true. More generally, one may ask the following:
Question 1. For an Fq2-maximal curve of type y
m = f(x), which conditions
on the polynomial f(x) ∈ Fq2[x] will assure that m divides q + 1?
Substantial progress towards an answer of Question 1 has been made by Gar-
cia, Tafazolian and Torres in a sequence of papers [4, 5, 23, 24]. In particular,
they proved that m must divide q + 1 in the following cases.
1. f(x) = 1− xn ([4, Theorem 4.4],[24, Theorem 5]).
2. f(x) = x2 − 1 [23, Theorem 1].
3. f(x) ∈ Fq2[x] is an additive and separable polynomial ([5, Theorem 2],[24,
Theorem 9]).
The aim of this section is to answer Question 1 for a wide class of polynomials
f(x) ∈ Fq2[x]. In this way, we will extend and incorporate previous results
listed above. Our main ingredient will be Theorem 3.5. However, part of the
approach is based on the same strategy used in [23, 24]. That is, we make use
of the following well known results (see [18, Lemma 1] and [24, Lemma 3]).
Lemma 4.1 Let X be a maximal curve over Fq2 , and let P and Q be two
distinct rational points on X. Then
(i) (q + 1)P ∼ (q + 1)Q.
(ii) If there exists an integer m ≥ 1 such that mP ∼ mQ, then
d := gcd(m, q + 1)
is a nongap at P .
The following result uses the same notation as in Theorem 3.5.
Lemma 4.2 Suppose P and Q are totally ramified over two distinct roots
of f(x) with the same multiplicity, then 1, 2, . . . , ⌊m/2⌋ − 1 are gaps at P .
Moreover, if either m or the multiplicity of a third root of f(x) is an odd
number, then 1, 2, . . . , ⌊m/2⌋ are gaps at P .
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Proof: Without loss of generality, assume gcd(λ1, m) = gcd(λ2, m) = 1. If
s < m/2, then
r∑
i=1
{tuλi
m
}
=
m− s
m
+
m− s
m
+
r∑
i=3
{tuλi
m
}
> 1 = 1 +
⌊s− 1
m
⌋
,
and then Theorem 3.5 implies that s is a gap at P .
Ifm is odd, note that 1, 2, . . . , ⌊m/2⌋ are all smaller then m/2, and the result
follows from the discussion above. If m is even, then for s = m/2, we have
r∑
i=1
{tuλi
m
}
=
2(m− s)
m
+
r∑
i=3
{(m− s)λi
m
}
> 1 if and only if
r∑
i=3
{λi
2
}
> 0.
Clearly the latter condition is equivalent to λi being odd for some i ≥ 3. 
Theorem 4.3 Notation as in Theorem 3.5. If F/K(x) is Fq2-maximal, and
P and Q are rational points totally ramified over two distinct roots of f(x)
with the same multiplicity, then the following holds:
(i) m divides 2(q + 1), and
(ii) if either m or the multiplicity of a third root of f(x) is an odd number,
then m divides q + 1.
Proof:
Since P and Q are totally ramified, the equation ym = f(x) givesmP ∼ mQ.
From Lemma 4.1, we have that (q+1)P ∼ (q+1)Q and that d = gcd(m, q+1)
is a nongap at P . Therefore, since d divides m, it follows from Lemma 4.2 that
d ∈ {m/2, m}, and this proves (i). For the second assertion, note that from
Lemma 4.2 the number ⌊m/2⌋ is a gap at P . Therefore, d 6= m/2, and then
m = d is a divisor of q + 1. 
Remark 4.4 Note that most of the polynomials f(x) found in [5, 23, 24]
(listed above) are cases covered by Theorem 4.3 (ii). The only exception is the
case that f(x) = ±(1− x2) and m is even. The reason is because if m is even,
then one should not expect the result to hold true for arbitrary polynomials
f(x) = ax2 + bx ∈ Fq2[x]. Indeed, it can be checked that if F
∗
81 = 〈α〉, then
the curve y4 = x2 − α2 is F81-maximal, but 4 ∤ 10. Also, in general, the given
condition on a third root of f(x) in Theorem 4.3 (ii) cannot be removed. For
instance, once again for F∗81 = 〈α〉, one can check that y
4 = x(x − 1)(x − α)2
is F81-maximal.
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5 Totally ramified Weierstrass points
In positive characteristic, the gap sequence of a function field has an important
arithmetic property which is recalled in the next Remark. This property turns
out to be very useful to decide when a totally ramified place is a Weierstrass
point.
Remark 5.1 If char(F ) = p > 0, the gap sequence of F has the following
important arithmetic property: if λ1, . . . , λg is the gap sequence of F and µ is
an integer that is p-adically not greater than λi−1 for some i, then µ+1 is also
a gap number of F (see [26]). Such property will be used to study conditions
for which a totally ramified place is Weierstrass.
Lemma 5.2 Notation as in Corollary 3.6. If Pi is a totally ramified place
such that m+ 1 is a gap at Pi, then Pi is a Weierstrass point of F .
Proof: If Pi is not a Weierstrass point of F , then its gap sequence is the
actual gap sequence of the field F . This imples that m + 1 is in the gap
sequence of F . The definition of m gives (m, p) = 1, and so one can write
m = cp+ d where c and d are non-negative integers, and 1 ≤ d ≤ p− 1. Note
that the p-adic coefficients of m − 1 = cp + (d − 1) are not greater than the
corresponding coefficients of m, and by the arithmetic condition (cf. Remark
5.1) m is in the gap sequence of F . In particular, m is a gap at Pi. However,
this is a clear contradiction to the (easy to check) fact that ( 1
x−αi
)∞ = mPi for
i = 1, . . . , r and (x)∞ = mP∞ , which finishes the proof. 
The following illustrates how the characterization given in Corollary 3.6 can
be used to derive various conditions under which all totally ramified places
are Weierstrass. Note that item (i) below extends a Valentini-Madan’s result
(Theorem 3 in [26]).
Corollary 5.3 Using the notation of Corollary 3.6, let k ≥ 1 be the number
of totally ramified places of F , and w.l.o.g. assume that Γ = {λ1, . . . , λk} is
the set of multiplicities of the roots of f(x) associated to such places. Then the
totally ramified places of F are Weierstrass if any the following holds:
(i) r ≥ m+ 3.
(ii) 3 ≤ k ≤ r ≤ 4 and #Γ = 1 or 3 ≤ k and #Γ = 1 and 4 ≤ m.
(iii) r ≥ 5 and the map ϕ : {1, . . . , k} −→ Γ given by ϕ(i) = λi satisfies
#ϕ−1({λj}) ≥ 2 for j = 1, . . . , k.
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(iv) r = φ(m) > 4 and Γ = (Z/(m))×, where φ is the Euler’s totient function1
Proof: Let Pi be a totally ramified place of F and t ∈ {1, . . . , m − 1} be
such that tλi ≡ m − 1 mod m. For j = 1, . . . , k, let rj be the remainder of
the division of tλj by m. Clearly ri = m− 1, and we claim that rj ≥ 1 for all
j. In fact, first notice that tλi ≡ m − 1 mod m implies (t,m) = 1. Now if
there is a j such that rj = 0, then m divides tλj; that is, m divides λj , which
contradicts λj < m. Moreover, since
{
tλj
m
}
=
rj
m
, based on Corollary 3.6 and
Lemma 5.2 we only need to prove that m+ 1 is a gap at Pi, that is:
r∑
j=1
{tλj
m
}
=
m− 1
m
+
∑
j 6=i
rj
m
> 2.
(i) Since rj ≥ 1 we get
m− 1
m
+
∑
j 6=i
rj
m
≥
m+ r − 2
m
> 2,
as desired.
(ii) Since #Γ = 1, there exist i1, i2 ∈ {1, . . . , k}, with i, i1 and i2 all distinct,
such that ri = ri1 = ri2 = m− 1. Hence,
m− 1
m
+
∑
j 6=i
rj
m
= 3 ·
m− 1
m
+
∑
j /∈{i,i1,i2}
rj
m
> 2,
and again the result follows.
(iii) The condition on the map ϕ implies that one can find i1 ∈ {1, . . . , k},
with i1 6= i, such that ri = ri1 = m− 1. Thus
m− 1
m
+
∑
j 6=i
rj
m
= 2 ·
m− 1
m
+
∑
j /∈{i,i1}
rj
m
≥
2m− 2 + k − 2
m
> 2.
(iv) Since (t,m) = 1, the map λj 7→ tλj is just a permutation on Γ. Therefore,
k∑
j=1
{ tλj
m
}
=
k∑
j=1
rj
m
=
k∑
j=1
λj
m
=
mφ(m)
2m
> 2.
1One can actually pick any subgroup Γ ⊆ (Z/(m))×, of order greater than 4, such that
m− 1 ∈ Γ.
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Note that from Corollary 3.7 and Corollary 5.3.(iii), we recover a charac-
terization of Weierstrass points on hyperelliptic curves. In fact, consider the
curve y2 = (x − α1) · · · (x − αr) of genus g =
⌊
r−1
2
⌋
, r ≥ 5. From Theorem
3.5: tu ∈ {0, 1} and tu ≡ −s mod 2. Therefore from Corollary 3.6 a number
s is a gap at P if, and only if, s is odd and
r
2
=
r∑
i=1
{1
2
}
> 1 +
⌊s− 1
2
⌋
.
That is, the gap numbers at P will be the
⌊
r−1
2
⌋
= g odd numbers s < r − 1.
From Corollary 3.7, the numbers 1, 2, . . . , g (which are < r/2) are gap num-
ber at any unramified point P . Since this sequence has length g, these are all
the gap numbers at P . In particular Hyperelliptic curves are classical. With
this discussion, we retrieve (see Satz 8 in [20]) the following result:
Theorem 5.4 (F. K. Schmidt) Let C be a hyperelliptic curve defined over
a perfect field of characteristic p. If P is a point on C, then we have the
following:
• P is a Weierstrass point if and only if P is a ramification point of the
hyperelliptic cover (or, equivalently, P is a fixed point of the hyperelliptic
involution).
• If P is a non-Weierstrass point on the curve C, then P has gap sequence
1, . . . , g and so H(P ) = {0, g + 1, g + 2, . . .}.
6 A special Kummer extension
In this section, we consider only Kummer extensions F/K(x) where λi = 1 for
all i. We begin by noticing that if deg f(x) = m, then by Corollary 3.7 all the
integers 1, . . . , m− 2 are gaps at a generic place of F/K(x). This generalizes
Leopoldt’s result [11]. For the totally ramified places, we have the following:
Theorem 6.1 If the genus g ≥ 1 and P 6= P∞ is a totally ramified place, then
the set of gap numbers at P is given by
G(P ) =
{
1 + i+mj | 0 ≤ i ≤ m− 2−
⌊
m/r
⌋
, 0 ≤ j ≤ r − 2−
⌊
r(i+ 1)
m
⌋}
.
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Proof: Since λi = 1 for all i = 1, . . . , r, it follows from Theorem 3.5
that t := t1 = · · · = tr = m − s mod m, where t ∈ {0, . . . , m − 1}. Writing
s−1 = m
⌊
s−1
m
⌋
+k, 0 ≤ k ≤ m−1, we have thatm−s = m(−
⌊
s−1
m
⌋
)+m−k−1,
and since 0 ≤ m− k − 1 ≤ m− 1, we conclude
{
t
m
}
= m−1−k
m
.
Thus, from Corollary 3.6, s = m
⌊
s−1
m
⌋
+ k + 1 is a gap at P if and only if
⌊s− 1
m
⌋
+ 1 <
r(m− 1− k)
m
,
that is,
⌊
s−1
m
⌋
< r−1− r(k+1)
m
. Therefore, the gap numbers at P will be of the
form s = mj+ i+1, where i ∈ {0, . . . , m− 1} and 0 ≤ j < r− 1− r(i+1)/m.
However, from the latter inequality we have r − 1 − r(i + 1)/m > 0, that is
i < m − 1 −m/r. Hence, since i and j are integers, we have i ∈ {0, . . . , m−
2−
⌊
m/r
⌋
} and j ∈ {0, . . . , r − 2−
⌊
r(i+1)
m
⌋
}, which gives the result. 
The next corollary extends a Hasse’s result [7]: “The totally ramified points
on the Fermat curve yn = axn + b have Weierstrass weight (n− 3)(n− 2)(n−
1)(n+ 4)/24.”
Corollary 6.2 If the curve ym = f(x) is smooth and classical, deg f(x) = r,
then any totally ramified place not equal to P∞, has Weierstrass weight
(r − 3)(r − 2)(r − 1)(r + 4)/24.
Proof:
Since f(x) is separable, the curve ym = f(x) is smooth if and only if r ∈
{m− 1, m,m+ 1}. From Theorem 6.1, if r ∈ {m− 1, m} (the case r = m+ 1
will follow analogously) then we have 2
G(P ) = {1 + i+mj | 0 ≤ i ≤ m− 3, 0 ≤ j ≤ m− 3− i}.
The Weierstrass weight at P is
W (P ) =
∑
λ∈G(P )
λ− g(g + 1)/2
=
m−3∑
i=0
m−3−i∑
j=0
(1 + i+mj)− g(g + 1)/2
= (m− 3)(m− 2)(m− 1)(m+ 4)/24,
2Note that #G(P ) =
∑
m−3
i=0
(m− 2− i) = (m− 1)(m− 2)/2 = g, as expected.
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where g = (m− 1)(m− 2)/2. 
We point out the G(P ) in the proof above can also be obtained by looking
at the (D, P )-orders for suitable linear systems of type D = |dP |.
6.1 The number of certain Weierstrass points
In this section, f(x) ∈ K[x] will be a separable polynomial, and the Kummer
extension ym = f(x) will be classical.
Characterizing Weierstrass points as well as estimating their weights is a
fundamental problem in the theory of algebraic curves. In the case of classical
curves, a fundamental result by Lewittes [12] says that if the curve has an
automorphism that fixes at least five points, then all of the fixed points must
be Weierstrass points. For example, hyperelliptic curves have an involution
fixing all branch points, thus it follows that all such points are Weierstrass
points. As we know, these points are the whole of the Weierstrass points on a
hyperelliptic curve.
Hyperellipic curves can be generalized by the curves of type ym = f(x), where
f(x) is a polynomial of distinct roots. Clearly, the map (x, y) 7→ (x, ζny), where
ζn is a n
th primitive roots of unity, is an automorphism of these curves, and
it fixes all branch points. Therefore, in the classical case, all branch points of
these curves are Weierstrass points. In this case, it is also well known that
total number of Weierstrass points, counted with multiplicity, is g3− g. where
g is the genus of the curve.
A natural question, raised by Towse in 1996 [25], is how to relate the total
weight, namely BW , of all of the branch points of ym = f(x), with to the total
weight g3 − g of Weierstrass points on these curves. For this, Towse studied
the asymptotic behavior of the ratio BW/(g3 − g), as r := deg f(x) goes to
infinity. Towse’s main result in [25] states that
lim inf
r→∞
BW
g3 − g
≥
1
3
m+ 1
(m− 1)2
,
where r = deg f(x).
Now, using Theorem 6.1, we prove that Towse’s result can be extended to
the following:
Corollary 6.3 Under the assumptions of Corollary 6.2, we have that:
lim
r→∞
BW
g3 − g
=
1
3
m+ 1
(m− 1)2
.
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Proof: Considering r > m, it follows from Theorem 6.1 that the sum S(P )
of the gaps at any totally ramified place P 6= P∞ is given by:
S(P ) =
∑
λ∈G(P )
λ =
m−2∑
i=0
r−2−⌊
r(i+1)
m
⌋∑
j=0
(1 + i+mj) =
=
m−2∑
i=0
[
(r − 1−
⌊r(i+ 1)
m
⌋
)(1 + i+
m
2
(r − 2−
⌊r(i+ 1)
m
⌋
)
]
=
m−2∑
i=0
[(r − 1)(1 + i)] +
m−2∑
i=0
[
(r − 1)(
m
2
(r − 2−
⌊r(i+ 1)
m
⌋
))
]
−
m−2∑
i=0
[⌊r(i+ 1)
m
⌋
(1 + i+
m
2
(r − 2))
]
+
m
2
m−2∑
i=0
⌊r(i+ 1)
m
⌋2
.
Using that
m−2∑
i=0
⌊
( r(i+1)
m
)
⌋
= (r−1)(m−1)
2
and
⌊
r(i+1)
m
⌋
= r(i+1)
m
−
{
r(i+1)
m
}
, we
obtain:
S(P ) = O(r) +
(2m− 1)(m− 1)
12
r2,
where O(rt) denotes a polynomial in the variable r of degree less or equal than
t. Therefore, since g(g+1)
2
= (m−1)
2
8
r2+O(r), the weight W (P ) at P is given by
W (P ) = S(P )−
g(g + 1)
2
=
m2 − 1
24
r2 +O(r).
Since g3 − g = (m−1)
3
8
r3 + O(r2), we have (note that W (P∞) is irrelevant for
the limit):
lim
r→∞
BW
g3 − g
= lim
r→∞
rW (P )
g3 − g
=
(m2 − 1)/24
(m− 1)3/8
=
1
3
m+ 1
(m− 1)2
,
as desired.

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